Abstract. In this paper, we establish a unique correspondence between skeleton branches and subarcs of object contours. Based on this correspondence, a skeleton is pruned by removing skeleton branches whose generating points are on the same contour subarc. This has an effect of removing redundant skeleton branches and retaining all the necessary visual branches. We show that this approach preserves skeleton topology, does not shift the skeleton, and it does not shrink the remaining branches.
Introduction
The skeleton is important for object representation and recognition in different areas, such as image retrieval and computer graphics, character recognition, image processing, and analysis of biomedical images [1] . Skeleton-based representations are the abstraction of objects, which contain both shape features and topological structures of original objects. Due to the importance of the skeleton, many skeletonization algorithms have been developed to represent and measure different shapes. The important factor that constraint the matching of skeletons is the skeleton's sensitivity to object's boundary deformation: little noise or variation of boundary often generates redundant skeleton branches that may disturb the topology of skeleton's graph seriously. For example, the skeleton in Fig. 1 (a) has many redundant skeleton branches generated by boundary noise.
The most common approaches to overcome skeleton's instability are based on skeleton pruning, i.e., eliminating redundant skeleton branches. Pruning can be either performed implicitly as a post processing step or implicitly integrated in the skeleton computation. However, none of the existing skeleton pruning methods yields satisfactory results without user interaction. Before we describe the existing skeleton pruning approaches, we characterize desirable properties of skeletons. The skeleton of a single connected shape that is useful for skeleton-based recognition should have the following properties: (1) it should preserve the topological information of the original object; (2) the position of the skeleton should be accurate; (3) it should be stable under small deformations; (4) it should contain the centers of maximal disks, which can be used for reconstruction of original object; (5) it should be invariant under Euclidean transformations, such as rotations and translations, and (6) it should represent significant visual parts of objects.
The main goal of this paper is to present a novel skeleton-pruning method that achieves all the above properties. We stress that no existing method can provide a skeleton with all these properties. In addition the proposed method is easy to implement, and can be computed efficiently.
(a) (b) (c) Fig. 1 . The skeleton in (a) has many redundant branches. To remove them, usually skeleton pruning is applied. (b) illustrates the problems of actual pruning approaches (it is generated by a method in [7] ). In particular, observe that pruning may change the topology of the original skeleton. (c) illustrates the pruning result of the proposed method that is guaranteed to preserve topology.
Now we present a brief overview of skeletonization and skeleton-pruning approaches. The skeletonization algorithms can broadly be classified into four types: thinning algorithms, e.g., [5, 6] ; algorithms based on the Voronoi diagrams, e.g., [2, 8, 22] ; algorithms based on distance maps, e.g., [4, 6, 7, 9, 15, 24, 25, 29] ; algorithms based on mathematical morphology, e.g., [19] [20] [21] . All these algorithms require skeleton pruning, either as a postprocessing step or directly incorporated in the course of computation. There are mainly two ways of pruning methods: (1) based on significance measures assigned to skeleton points [2-4, 16, 22] , and (2) based on boundary smoothing before extracting the skeletons [16, 28] . In particular, curvature flow smoothing still have some significant problems that make the position of skeletons shift and have difficulty in distinguishing noise from low frequency shape information on the boundary [16] . A different kind of smoothing is proposed in [10] . A great progress have been made in the type (1) of pruning approaches that define a significance measure for skeleton points and remove points whose significance is low. Shaked and Bruckstein [16] give a complete analysis and compare such pruning methods. To the common significance measures of skeleton point belong propagation velocity, maximal thickness, radius function, axis arc length, the length of the boundary unfolded. Ogniewicz and Kübler [2] present a few significance measures for pruning hairy Voronoi skeletons without disconnecting the skeletons. Siddiqi et al combine a flux measurement with the thinning process to extract a robust and accurate connected skeleton [20] .
All presented methods have several drawbacks. First, many of them are not guaranteed to preserve topology. This is illustrated in Fig. 2 , where the skeleton in (d) violates the topology of the input skeleton in (c). This skeleton was obtained by the method in [4] . However, any other method described above would lead to topology violation. In particular, all methods presented in [16] (including the method in [2] ). Methods described in [16] are guaranteed to preserve topology for simply connected objects (objects with a single contour), but not for objects with more than one contour like the can in Fig. 2 . There exist several methods that preserve topology [24, 30] and thinning algorithms (that are usually guaranteed to preserve topology). The topology preserving skeleton obtained by the proposed pruning method is illustrated in Fig.  2(e) . Even if the input shape is simply connected many of methods described above are not guaranteed to preserve the original topology (e.g., the skeleton in Fig. 1(b) , generated by pruning method in [7] ). The second drawback of all methods described above is that main skeleton branches are shorten to some extent and short skeleton branches are not removed completely, which seriously complicates the structure of the skeletons. These effects are illustrated in Figs. 1(b) and 2(d).
To summarize, although the existing skeleton pruning methods have many drawbacks, they are definitely needed to remove spurious or redundant skeleton branches. The skeleton generating approaches suffer from the fact that a small protrusion on the boundary may result in a large skeleton branch, which is an intrinsic problem of the definition of the skeleton, since the mapping of boundary points to the skeleton points is not continuous. An obvious solution to this problem is to first remove the protrusions on the boundary and then compute the skeleton. As stated above, various smoothing approaches are either applied to the contour or to the distance map before the skeleton is computed. The problem is that isotropic (e.g., Gaussian) as well as anisotropic smoothing only reduces but does not remove the protrusions. A common characteristic of the above approaches is that they displace the boundary points, and consequently displace the location of skeleton points.
Main Ideas of the Proposed Approach
We propose an approach that completely removes protrusions without displacing the boundary points, and consequently, without displacing the remaining skeleton points.
Spurious or redundant branches are completely removed while the main branches are not shorten. The main observation of our approach is that it is possible to perform a topology preserving skeleton pruning based on a contour partition into curve segments. Returning to Blum's definition of the skeleton, every skeleton point is linked to boundary points that are tangential to its maximal circle, so called generating points. The main idea is to remove all skeleton points whose generating points all lie on the same contour segment. This works for any contour partition into segments, by some partitions yield better results than other. Fig. 3 illustrated two different pruned skeletons (b) and (c) obtained for the same input skeleton in (a). The pruned skeletons are based on two different partitions into contour segments whose endpoints are marked with dots. For example, removing all skeleton points whose all generating points lie on the contour segment CD in (b) leads to the removal of the whole lower part of the skeleton. Clearly, the contour partition in (c) leads to a significantly better pruning result than the partition in (b). Thus, in our framework, the question of skeleton pruning is reduced to finding a good partition of the contour into segments. We obtain such partitions with the process of Discrete Curve Evolution (DCE) [11] [12] [13] . First, observe that every object boundary in a digital image can be represented without loss of information as a finite polygon, due to finite image resolution. The process of DCE is proven experimentally and theoretically to eliminate the noisy points [11] [12] [13] . This process eliminates such points by recursively removing polygon vertices with the smallest shape contribution (which are the most likely to result from noise). As the result of DCE, we obtain a subset of vertices that best represent the shape of a given contour. This subset can also be viewed as a partition of the original contour polygon into contour segments defined by consecutive vertices of the simplified polygon. A hierarchical skeleton structure obtained by the proposed approach is illustrated in Fig. 4 , where the (red) bounding polygon represents the contour simplified by DCE.
Because DCE can reduce the boundary noise without displacing the remaining boundary points, the accuracy of the skeleton position is guaranteed. The continuity, which implies stability in the presence of noise, of the proposed pruning methods follows from the continuity of the DCE. This means if a given contour and its noisy versions are close (measured by Hausdorff distance), the obtained pruned skeletons will be close too. A formal proof of DCE continuity with respect to Hausdorff distance of polygonal curves is given in [18] . Thus, our approach provides a solution to the instability of the classical skeleton pruning algorithms.
The proposed pruning method can be applied to any input skeleton. We only require that each skeleton point is the center of a maximal disk and that the boundary points tangent to the disk (generating points) are given. It is also possible to perform a skeleton growing that includes the proposed pruning method. The main idea is that the pruning is not done in postprocessing (after the skeleton is computed) but is integrated into the skeleton growing process. To implement this idea, we extended the skeleton growing algorithm in [4] based on the Euclidean distance map. First, we select a skeleton seed point as a global maximum of the Euclidean distance map. Then, the remainder of the skeleton points is decided by a growing scheme. In this scheme, the new skeleton points are added using a simple test that examines their eight connected points. During this process, the redundant skeleton branches are eliminated with respect to a given contour partition computed by DCE. Before we formally define the proposed skeleton pruning, we need to characterize planar sets for which we can determine the skeleton. Following [23] we assume that a planer set D is the closure of a connected bounded open subset of R 2 whose boundary ∂D is composed of a finite number of mutually disjoint simple closed curves. Each simple closed curve in ∂D consists of finite number of pieces of real analytic curves. We further assume in this paper that each simple closed curve is a polygonal curve, i.e., the pieces they consist of are line segments. We make this assumption only to simplify some definitions, and we stress that all our results also hold for simple closed curves that consist of finite number of real analytic curves. Observe also that this assumption does not introduce any restriction on object contours in digital images, since each boundary curve in a digital image can be regarded as polygonal curve with vertices being the boundary pixels.
According to Blum's definition of the medial axis [1] , the skeleton S(D) of a set D is the locus of the centers of maximal disks. A maximal disk of D is a closed disk contained in D that is interiorly tangent to the boundary ∂D and that is not contained in any other disk in D. Observe that each maximal disc must be tangent to the boundary in at least two different points. We denote as Tan(s) the set of the boundary points tangent to the maximal disk B(s) centered at s ∈ S(D). The points in Tan 
Skeleton Pruning with Contour Partition
In this section, we formally define the contour partition into contour segments and skeleton pruning based on it. Let the boundary ∂D of a set D be composed of k simple closed curves C 1 , …, C k . Let x and y be two contour points lying on the same simple closed curve C i . With [x,y] we denote the shortest closed contour segment (subarc) of C i that connects x and y. For simplicity, we assume that x and y are positioned on C i so that [x,y] is uniquely determined. With (x,y) we denote the segment [x,y] without the endpoints x and y (i.e., the open subarc). (A distinction between open and closed contour segments is unimportant in the digital images, but we need to establish some formal properties in the continuous plane.) A sequence of points x 0 , …,x n-1 on a simple closed curve C i forms a partition of C i if two consecutive segments [x i , x i+1 ], [x i+1 , x i+2 ] that intersect in {x i+1 } (the indices are modulo n), nonconsecutive segments have empty intersection, and C i is the union of these segments. The partition Γ of the boundary ∂D is a sequence of sequences that are partitions of the simple closed curves
Given a partition Γ of the boundary ∂D of a simply connected set D (i.e., ∂D consist of one simple closed curve), the skeleton pruning is defined as removal of all skeleton points s∈S(D) whose all generating points lie in the same open segment (x,y) of partition Γ. More precisely, the pruned skeleton is composed of all points s∈S(D) such that Tan(s) is not contained in the same open segment of the partition Γ. This is a very simple definition of skeleton pruning, and it works with any contour partition. The key issue is to get reasonable partitions. As we will show, DCE provides a very good partition for the pruning. When D is not simply connected (i.e., ∂D consist of more than one simple closed curve), we additionally need to check whether all skeleton points removed with respect to the same partition segment have their generating points on the same simple closed curve C i for some i=1, …,k. It can be proven that the topology of pruned skeleton is preserved for pruned skeleton generated by any partition of the contour. The proof is omitted due to the limited space. It will appear in a forthcoming paper. For simplicity of the presentation, we assume in the following definitions that D is simply connected (i.e., ∂D consist of one simple closed curve). Now we introduce a contour partition based on Discrete Curve Evolution (DCE) The simplification of the boundary contour with DCE corresponds to pruning complete branches of the skeleton. In particular, a removal of a single convex vertex v from P n-k to obtain P n-(k+1) by DCE implies a complete removal of the skeleton branch that ends at v. We give an example illustrating this fact in Fig. 5 . It shows a polygon with seven vertices obtained from the leaf contour by DCE and the skeleton obtained by pruning based on this polygon. Observe that there are only five skeleton branches ending in the five convex vertices of the simplified polygon. The pruned skeleton is computed with respect to the DCE segments (A,C), (C,D), (D,E), (E,F), (F, A). The pruning was applied to the leaf skeleton shown in the first image in Fig. 4 . (The skeleton in Fig. 5 is the same as in the last image in Fig. 4.) We can illustrate the main idea of our approach by explaining why the green skeleton branch in Fig. 5 that ends at point C remained. It remained, since each of its points has maximal disks tangent to points on two different DCE segments, which are contour arcs (A,C) and (C,D). A very important property of DCE induced contour partition, and every partition that is restricted to vertices of the boundary polygon, is that fact that there is a skeleton branch ending at every partition point. If a partition point that is also a polygon vertex u i is deleted in a DCE evolution step, i.e., u i ∈ P n-k -P n-(k+1) , then the arc [u i-1 ,u i+1 ] replaces arcs [u i-1 ,u i ], [u i ,u i+1 ] in the contour partition. Consequently, the whole skeleton branch that ends at vertex u i is eliminated by the skeleton pruning.
Experimental Results and Comparison

Stability of Pruning with DCE
Some results on shapes from MPEG-7 Core Experiment CE-Shape-1 database [27] are showed in Fig. 6 . For each shape class, we show pruned skeletons for several objects from the same class. Although the objects differ significantly from each other, the obtained pruned skeletons have the same structures. The final DCE simplified polygons are also showed overlaid on the shapes with red segments. The skeleton pruning is performed with respect to contour partition induced by the vertices of these polygons. In the first row in Fig. 6 , the skeletons of the thin and long tails of rats remained complete, which cannot be achieved by other pruning methods, since they may shorten or disconnect the skeleton. Although the camels differ significantly in their shape, all obtained skeletons have similar global structure. The last row of Fig. 6 shows the DCE's stability to the same shapes in different scales. 
Analysis and Comparison
In this part, we describe our test results with the proposed approach on several binary shape images with the size 500 × 500. All the images tested have significant boundary distortions.
A hierarchy of pruned skeletons is shown for the walking human in Fig. 7 . The pruning is preformed with respect to DCE simplified contours with N = 200, 100, 50, 30, and 12 vertices. We have also shown a hierarchy of pruned skeletons in Fig. 4 above. We can see that the results of our algorithm are in accord with human visual perception. Besides hierarchical and visual property, our skeleton has a unique property: the pruned branches are eliminated completely, i.e., the obtained skeletons are without the presence of remaining half-shortened small, short branches. For example in Fig. 7 , each skeleton branch is removed, and no remaining fractions are left. Fig. 7 . Hierarchical skeleton of a walking human. The input image is similar to a walking human in [7] .
The problem of spurious, half-shortened braches is clearly seen in Fig. 8(a) , below, Figs. 1(b) and. 2(d), above, where we see several spurious branches that are not related to any obvious boundary features. Figs. 1 and 2 show a comparison of our method and the method in [4] . As can be clearly seen our method does not suffer from shortening main skeleton branches, and preserves topology of the skeleton. Moreover, the obtained skeletons seem to be in accord with human perception. The result obtained by the method in [4] exhibits clear problems with the skeleton topology and it shortens main skeleton branches in Figs. 1(b) and 2(d) .
Our pruning method can also be used in pruning Voronoi skeleton branches. As Voronoi skeleton points are symmetrical to the boundary sample points, the generating boundary points of each skeleton point are known. Fig. 8 shows a comparison of our method to the method by Ogniewicz and Kübler [2] . Fig. 8(b) shows that the proposed approach is able to eliminate all the unimportant branches and still preserve all main structure. Fig. 8(c) shows an application of our method to generate a fixed topology skeleton introduced in Golland and Grimson [7] . It shows that the proposed pruning is not limited to the DCE induced contour partitioning. Once the positions of skeleton's endpoints is estimated along the boundary as in the method in [7] , the endpoints induce a partition of the boundary curve, and the fixed (a) (b) (c)
Fig. 8.
Comparison between pruning result in [2] in (a) and our results in (b), and (c) is the result of fixed topology skeleton topology skeleton can be generated by pruning any skeleton with our method with respect to this partition.
A comparison between a result in [7] and our result is shown in Fig. 9 . Fig. 9 (a) shows a skeleton obtained by the method in [7] , and Fig. 9 (b) shows our result induced by the contour partition (A,B), (B,C), (C,D), (D,E), (E,F) marked with the red points, which represent the estimated skeleton endpoints. We can see that the position of our skeleton is more accurate than in (a), since all of our skeleton points are the centers of maximal disks, which are exactly symmetrical to the shape boundary. This is not the case for the fix topology method proposed in [7] . Moreover, compared with [7] , only the endpoints need to be estimated; we do not need to estimate the junction points of the skeleton. Another example of a fixed topology skeleton produced with our method is shown in Fig. 8(c) .
(a) (b) Fig. 9 . Comparison between the fixed topology skeleton in [7] in (a) and our skeleton in (b)
We omitted here a formal prove that our method is guaranteed to preserve topology. We illustrated this fact in Fig. 2(e) above. Fig. 10 shows another example for a shape with three holes that has total of four contour curves. For comparison, the result of the method in [4] is shown in Fig. 10(b) . Fig. 10(c) shows that the proposed approach preserves the original topology. In Fig. 10 (d) , the contour partition is only composed of the four boundary curves, i.e., there are no segments on any of the four curves, so that the skeleton points must have their tangent points on the different boundary curves in order to remain. 
Conclusions and Future Work
In this paper, we introduce a new skeleton pruning method based on contour partitioning. Any contour partition can be used, but the partitions obtained by Discrete Curve Evolution (DCE) yield very good results. The theoretical properties and the presented experiments demonstrate that the obtained skeletons are in accord with human visual perception and stable, even in the presence of significant noise, and have the same topology as the original skeletons. Thus, we provide a solution to the instability of the classical skeleton algorithms. The stability of skeletons is the key property required to measure shape similarity of objects using their skeletons. Moreover, we have shown that the proposed approach never produces spurious branches, so common to the known skeleton pruning methods, and that the proposed pruning method does not displace the skeleton points. Consequently, all skeleton points are centers of maximal disks. We have proven that our pruning method is guaranteed to preserve topology. The proof will appear in a forthcoming paper.
